Abstract-In this contribution, an iterative and adaptive multistep perturbation technique for nonuniform transmission lines is presented and applied to the analysis of coupled exponential lines. The Telegrapher's equations for nonuniform lines, which do not have a closed-form solution, are recast as the equations for uniform lines with equivalent distributed sources, for which a well-known numerical solution procedure exists. The line voltages and currents are computed in multiple steps by iteratively updating the distributed sources. The method turns out to be faster than classical solutions based on the discretization of the line into uniform subsections. Two validation examples are proposed that deal with coupled exponential lines, which have relevant applicability in microwave components.
I. INTRODUCTION
Nonuniform transmission lines (NUTL) have wide applicability in the microwave field as impedance transformers, filters, or directional couplers, just to mention a few [1] . In particular, exponential lines are an important category of NUTLs and their analysis has been extensively studied [2] , [3] .
In general, however, no exact solution exists for NUTLs. Perhaps the most common and natural approach is to study a NUTL as a cascade connection of many locally uniform sections [4] , [5] . Alternative approaches were proposed but with some limitations in terms of assumptions or ease of implementation [6] - [12] .
A two-step perturbation technique was proposed as an accurate and more general approach [13] and applied to the analysis of the effects of fiber weave [14] and line-edge roughness [15] . The nonuniformity is interpreted as a perturbation of a uniform line with averaged per-unit-length (p.u.l.) parameters. This formulation results in the contribution of the place-dependent part of the p.u.l. parameters to appear under the form of equivalent distributed sources. Semi-analytical expressions were derived for the corresponding first-and second-order perturbations of the line voltages and currents. However, the calculation of only two perturbations does not always provide enough accuracy. The discretization of the line into several nonuniform subsections was proposed to circumvent this problem at the expense of a substantial efficiency reduction [14] .
In order to remedy this drawback, an iterative reformulation of this method has been recently proposed [16] , allowing to readily calculate an arbitrary number of perturbation terms and adaptively stop the solution when convergence within a given threshold is achieved. The solution of the equivalent problem with distributed sources is calculated in analogy with an external field illumination [4] . Whereas originally applied to cable bundles, the technique is here applied to the analysis of coupled exponential on-board lines. Two validation examples taken from the literature are provided.
II. MULTI-STEP PERTURBATION TECHNIQUE FOR NUTL
A coupled NUTL is described in the frequency-domain by Telegrapher's equations with place-dependent p.u.l. parameters
where z ∈ [0, ] denotes the longitudinal coordinate, vectors
T collect the voltages and currents along the line, and L and C are the 2 × 2 p.u.l. inductance and capacitance matrices. Losses are readily included as the imaginary part of these matrices.
The starting point of the proposed perturbation technique is to express the place-dependent p.u.l. parameters in terms of a constant (i.e., place-independent) component plus a placedependent variation:
The constant components are calculated by averaging along the interconnect length, i.e.,
Next, the line voltages and currents are expressed in terms of multiple perturbations
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for k = 0, . . . , K. The above equations govern the kth perturbation term of the line voltages and currents. It is worth noting that 1) the first terms in the r.h.s. of (5) describe a uniform transmission line with place-independent p.u.l. parametersL andC, and 2) the remaining terms play the role of distributed sources. The distributed sources account for the place-dependent component of the p.u.l. parameters and depend on the (k − 1)th perturbation term. A solution for equations of the form (5) is available and it is traditionally used to account for the effect of an external field impinging on a uniform transmission line [4] . A similar procedure can be used to iteratively solve (5) for increasing perturbation order k, starting from the solution of the unperturbed line for k = 0 and with V −1 = I −1 = 0. The iterations are stopped when the solution has converged (e.g., when the new perturbation terms become sufficiently small). Intuitively, the series (4) is expected to converge as long as the longitudinal variations ∆L and ∆C are reasonably "small", with a descreasing rate for larger perturbations (see the application examples). However, no rigorous proof as to the guaranteed convergence of (4) could be found so far. The explicit solution of (5) reads
where
and
The voltages V k (0) and the currents I k (0) at the line origin are obtained by incorporating the information on the line terminations. For additional information on the general solution procedure, the reader is referred to [16] . 
III. APPLICATION EXAMPLE: EXPONENTIAL LINES
The technique has been implemented in MATLAB and it is applied to the analysis of coupled exponential lines, whose layout is sketched in Fig. 1 .
In the first example, the NUTL is defined by the following place-dependent p.u.l. inductance and capacitance matrices [12] : Results are computed at 1 GHz for a line with q = 1 and length = 20 cm. The first line is excited with a 1 V voltage source. The termination impedances for both lines are 50 Ω at z = 0 and 50 exp(q) = 136 Ω at z = . The largest deviation of the p.u.l. inductance and capacitance matrices from their average values occurs at z = and z = 0, respectively, and amounts to 58.2% in norm. Fig. 2 shows the magnitude (top panel) and phase (bottom panel) of the voltages along the two conductors of the line. The blue lines provide a reference computed by discretizing the line into 1001 uniform sections. The dashed black line is the result obtained with the perturbation technique with two steps only (K = 2), as from the previously proposed framework in [13] - [15] . There is an appreciable lack of accuracy, especially on the magnitude of the voltage along the active conductor and on the phases of both voltages. Finally, the dashed red line is the result computed with the proposed iterative multi-step perturbation technique, which shows excellent agreement. The iterative solution is stopped after the perturbation terms have become smaller in magnitude than 1% of the achieved solution. This leads the algorithm to compute up to 11 perturbation terms. The solid blue line is the reference result, while the dashed black and red lines are the results of the previous two-step [13] and the new multi-step perturbation techniques, respectively.
In order to assess the effect of larger longitudinal variations, Fig. 3 provides the results computed for a line with q = 2 (load impedance: 369 Ω). In this case, the maximum variation of the p.u.l. inductance and capacitance matrices is 131.2% in norm. Despite this very large variation, the perturbation technique still converges although, as expected, it requires more iterations, i.e., 65. Moreover, the solution for K = 2 turns out to be way less accurate than in the previous case. The second example refers to a coupled exponential line designed for use as a directional coupler [3] . In this case, the geometry of the microstrip lines is designed so that the even and odd mode characteristic impedances exhibit exponential behavior:
with Z e,0 = 81.4 Ω, Z o,0 = 29.73 Ω, and α = 40 m −1 . The traces have a length = 1.25 cm and are fabricated on an alumina substrate with a thickness of 0.635 mm and a relative permittivity of 9.7. The trace width and separation are computed at discrete locations to achieve the target values of the characteristic impedances (9) . The resulting phase velocities v e and v o of the even and odd modes, as reported in [3] , are provided in Table I . For the simulation performed in the following, the even and odd mode parameters are converted into the standard p.u.l. inductance and capacitance matrices. Owing to the small longitudinal variation of the phase velocities, a linear interpolation of the values in Table I is used to retrieve the values at an arbitrary position z. For this line, the largest longitudinal deviations of the p.u.l. inductance and capacitance matrix are 26.6% and 24.5% in norm, respectively. Fig. 4 shows the S-parameters of the direction coupler. The reference results (solid blue lines) are again computed by discretizing the line into 1001 uniform sections. The results obtained with the two-step perturbation technique, although good for some S-parameters and at the lower frequencies, show a substantial discrepancy at high frequencies, in particular for S 11 . In order to accurately capture the behavior of S 11 , the relative threshold for stopping the iterative solution is set to 0.01% of the computed voltage and current values. As a result, the number of calculated perturbation steps ranges from 3 to a maximum of 8, depending on the frequency. The calculation of the reference solution takes 12.9 s, as opposed to 3.1 s required by the proposed multi-step perturbation technique, which is therefore more than 4 times faster. 
IV. CONCLUSIONS
This paper presents an iterative and adaptive multi-step perturbation technique for the analysis of arbitrary NUTLs. By considering the longitudinal variation of the p.u.l. parameters as a perturbation with respect to an average value, the corresponding perturbations of the line voltages and currents are iteratively computed as the solution of a uniform transmission line with equivalent distributed sources. The technique is applied to the analysis of exponential lines and it is shown to be very accurate and computationally efficient. The convergence rate turns out to be slower or faster depending on the amount of longitudinal variation of the p.u.l. inductance and capacitance matrices.
